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Abstract: A regular curve in complex space, whose position vector is composed by Cartan 
frame vectors on another regular curve, is called a isotropic Smarandache curve. In this 
paper, I examine isotropic Smarandache curve according to Cartan frame in Complex 3- 
space and give some differential geometric properties of Smarandache curves. We define 
type-1 e1e3-isotropic Smarandache curves, type-2 e1e3-isotropic Smarandache curves and 


€1€2€3-isotropic Smarandache curves in Complex space C®. 
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§1. Introduction 


It is observe that the imaginary curve in complex space were pioneered by E. Cartan. Cartan 
defined his moving frame and his special equations in CÌ. In [6], the Cartan equations of 
isotropic curve is extended to space C*. Moreover U. Pekmen [2] wrote some characterizations 
of minimal curves by means of E. Cartan equations in C°. 

A regular curve in Euclidean 3-space, whose position vector is composed by Frenet frame 
vectors on another regular curve, is called Smarandache curve. M. Turgut and S. Yilmaz have 
defined a special case of such curves and call it Smarandache T B2 curves in the space Ej [7]. 
A.T. Ali has introduced some special Smarandache curves in the Euclidean space [9]. Moreover, 
special Smarandache curves have been investigated by using Bishop frame in Euclidean space 
[10]. Special Smarandache curves according to Sabban frame have been studied by [11]. Besides 
some special Smarandache curves have been obtained in E} by [12]. Apart from M. Turgut 
defined Smarandache breadth curves [8]. 

It is given that complex elements and complex curves to real space R? which are mentioned 
by Ferruh Semin, see [1]. In complex space C® helices are characterized in [5]. In complex space 
C*, S. Yilmaz characterized the isotropic curves with constant pseudo curvature which is called 
the slant isotropic helix. Yilmaz and Turgut give some characterization of isotropic helices in 
C= J8]: 

Several authors introduce different types of helices and investigated their properties. For 


instance, Barros et. al. studied general helices in 3- dimensional Lorentzian space. Izumiya and 
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Takeuchi defined slant helices by the property that principal normal mekes a constant angle 
with a fixed direction [14]. Kula and Yayli studied spherical images of tangent and binormal 
indicatrices of slant helices and they have shown that spherical images are spherical helix [15]. 
Ali and Lopez gave some characterization of slant helices in Minkowski 3-space E} [13]. 


In this work, using not common vector field know as Cartan frame, I introduce a new 
Smarandache curves in C?. Also, Cartan apparatus of Smarandache curves have been formed 


by Cartan apparatus of given curve a = a(s). 


§2. Preliminaries 


Let xp be a complex analytic function of a complex variable t. Then the vector function 
5 => 
7 (t) = 5 Tp(t) K p, 
p=1 


= 
is called an imaginary curve, where 7 : C — C4, kp are standard basis unit vectors of E? [6]. 
8 y p 


An isotropic curve x = x(s) in C? is called an isotropic cubic if pseudo curvature of 2(s) 
is congruent to zero. A direction (b1, b2,b3) is a minimal direction if and only if 


3 
yo =0. 
p=1 


A vector which has a minimal direction is called an isotropic vector or minimal vector. A 
vector 7 is a minimal vector if and only if re = 0. Common points of a complex plane and 
absolute are called siklik points of the plane. A plane which is tangent to the absolute is called 
a minimal plane, see [6]. The curves, of which the square of the distance between the two points 
equal to zero, are called minimal or isotropic curves [3]. Let s denote pseudo arc-length A curve 
is an minimal (isotropic) curve if and only if ([4,5]) 


[7 0] =0 (2.2) 
where az = T'(t) £ 0. Let be each point @ of the isotropic curve. E. Cartan frame is 
defined (for well-known complex number i? = —1) as follows, (see [1,4]) 

=> =>, 

€1 = T 

= iT" (2.3) 
E3 =-ET' +T" 


where 8 = (T'")?, equation (2.3) denote by {€1, €2, €3} the moving E. Cartan frame along 


the isotropic curve @ in the space C3. 
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The inner products of these frame vectors are given by 


0 if i+j =1,2,8, od4 
ToT aes (modi (2.4) 
1 ifi+j=4 





The cross (vectoral) and fixed products of these frame vectors are given by 


=> => — 
ejN ek =e j4+k-2 (2.5) 
<@1,€2A €3 >= q 
Bo o aai 
for j,k = 1,2,3, s = f —[@'(t)]4dt is a pseudo arc length, also invariant with respect to 


to 
mre = . i =. 
arameter t. Thus the vector € and €’3 are isotropic vector, € is real vector E. Cartan 
P 3 P , 


derivative formulas can be deduced from equation (2.3) as follows 
=A 

e 1 2 

Sl 

ae 


where k = g is called pseudo curvature of isotropic curve x = x(s). These equations can be 
used if the minimal curve is at least of class C4. Here (1) denotes derivative according to pseudo 
arc length s. In the rest of the paper, we will suppose pseudo curvature is non-vanishing expect 
in the case of an isotropic cubic. Isotropic sphere with center m and radius r > 0 in C® is 
defined by 

S? = {p = (p1, p2, p3) € E : (P -= my = 0} . 


3. Type-1 e%eş%—Isotropic Smarandache Curves 
163 


Definition 3.1 Let a = a(s) be a unit speed regular isotropic curve in C? and {e%, e&, el} be 
g 17623763 


its moving Cartan frame. Type-1 efe§-isotropic Smarandache curves can be defined b 
g yp 1&3 y 


V(s*) = — (ef + e3). (3.1) 


1 
V2 


Now, we can investigate Cartan invariants of e{'e3-isotropic Smarandache curves according 
to a = a(s). Differentiating equation (3.1) with respect to pseudo arc length s, we obtain 


Gi oa (3.2) 


ds* ds V2 


h 
where ds* B (1+k°)i 3 3) 
ds y2 ` j 
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The tangent isotropic vector of curve Ý can be expressed as follow 
e? = —/1 + kee (3.4) 
Differentiating equation (3.4) with respect to pseudo arc length s, we obtain 


(e?) Fe = AL + ket + (Kk)! ef + 2(1 + k*)ie®. (3.5) 


Substituting equation (3.3) into equation (3.5), we find 


1+ ke 


(e?)' = (2v2K") er — (ae) et + 2/2e%, 


Since (e?)' = —ie¥, the principal vector field of curve J 


e3 = (2v2k") ef - (22) ieg + 2V2e2. (3.6) 


Using Cartan equation (2.6)3, we have 


2 (k2)! 
e? = if [evzt + va eg + aie ds (3.7) 








14+ ke 
and 
V 
e ; 
k? =— n i. (3.8) 
2 
Substituting equations (3.6) and (3.7) into equation (3.8), we obtain 
2 (ke) 
fife [evzt + a + avi a 
k? = > o (3.9) 
2VZkoeg + VAN ea + 2VZieg 
Proposition 3.1 If V a isotropic Smarandache curves in C?, then k® = —1. 














Proof Using equation (3.4) and definition isotropic curves, it is seen straightforwardly. 


Proposition 3.2 Let a = a(s) be a unit speed regular isotropic curve in C°, If 6 a isotropic 
cubic in C3, then pseudo curvature of a satisfies e? =constant and e} +£ 0. 











Proof It is seen straightforwardly from definition isotrobic cubic. 





§4. Type-2 efe3—Isotropic Smarandache Curves 


Definition 4.1 Let a = a(s) be a unit speed regular isotropic curve in C? and {ef, ef, ef} be 
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its moving Cartan frame. Type-2 efeS-isotropic Smarandache curves can be defined b 
g yp 1&3 y 


Fait — &3): 


Now, we can investigate Cartan invariants of type-2 efe3-isotropic Smarandache curves 


5(s*) = (4.1) 


according to a = a(s). Differentiating equation (4.1) with respect to pseudo arc length s, we 


obtain dő ds* i 
s 
! = ———(k®* — 1)e$ 4.2 
c= ds* “ds Ja! Jeg ( ) 
and on i 
S a Q 
ters = Ea — les 
where 
ds* ko —1 





aoa (4.3) 


The tangent isotropic vector of curve 6 can be expressed as follow 
ef = — vka — lee (4.4) 
Differentiating equation (4.4) with respect to pseudo arc length s, we obtain 


i(k)’ 
2/ke — 1I 


Using definition, binormal vector field and pseudo curvature of isotropic Smarandache 


= vV k — 1k%ef — — e] + vk? — leg. (4.5) 


curve 6 are respectively, 


aea i(k) 
gai fw ve 1k eF — OW nig + Vk “Te s (4.6) 


and 


2y ko (4.7) 
= TAO ks 
Vk Lk%ef = — es + Vk% — les 


f- Oe Tke% — a zyr Te tyke “Te s} 
kê 





Proposition 4.1 If ô a isotropic Smarandache curves in CÌ, then k® = 1 











Proof Using equation (4.4) and definition isotropic curves, it is seen straightforwardly. 





Proposition 4.2 Leta = a(s) be a unit speed regular isotropic curve in C’, If 5 a isotropic 
cubic in C, then pseudo curvature of a satisfies ef =constant and ef # 0. 











Proof It is seen straightforwardly from definition isotrobic cubic. 
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§5. efeses¥—Isotropic Smarandache Curves 


Definition 5.1 Let a = a(s) be a unit speed regular isotropic curve in C? and {e%, ef, e9} be 


its moving Cartan frame. Type-1 ef e-isotropic Smarandache curves can be defined by 


n(s*) = (eg + ef + eg). (5.1) 


V3 


Now, we can investigate Cartan invariants of efefe§-isotropic Smarandache curves ac- 


cording to a = a(s). Differentiating equation (5.1) with respect to pseudo arc length s, we 








have dn ds* r 
n' = ea NE jik“eŤ — i(k“ + Les + ies] (5.2) 
and pm i 
1 S 1,0 Q “11,0 a - a 
n = eiis = [ik et — i(k“ + lex + tes] 
where 
ds* V/1+k 
ds V3 
The tangent isotropic vector of curve 7 can be written as follow: 
1 . ! . 
e] = ——= [ik ef — i(k” + lef + ieṣ] (5.4) 


V1+k* 
Differentiating equation (5.4) with respect to pseudo arc length s, we obtain 
| 
el = {(=4) li (ke) + (ke + 1)k] - (=) ans} ef 
| 
-4 (aE) He + (ee + 1) (BE) (e+ D} ef 
(58) + (2) he 


Using definition, binormal vector field and pseudo curvature of isotropic Smarandache 





curve ņ are respectively 


(2E) ee + ee +1y)- (E) or sabes 
(E) + (a4) feta 


Let e? = H(s) and ef = G(s) ın this case, we have 














T OR (5.5) 
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Proposition 5.1 If 1 a isotropic Smarandache curves in C°, then k% # —1. 














Proof Using equation (5.4) and definition isotropic curves, it is seen straightforwardly. 


Proposition 5.2 Let a = a(s) be a unit speed regular isotropic curve in C’, If n a isotropic 


cubic in C?, then pseudo curvature of a satisfies e2 =constant and e] # 0. 











Proof It is seen straightforwardly from definition isotrobic cubic. 
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